Stochastic evolution equations for turbulent Bénard convection are derived from the Boussinesq equations by transforming the inertial forces into a sum of systematic linear transport terms and random nonlinear fluctuating forces by means of the projection operator method. Then the heat flux and the velocity fluxes of turbulent Bénard convection are formulated in terms of the temperature gradient and the velocity gradient explicitly with turbulent transport coefficients.
§1. Introduction
The chaotic orbits of dynamical systems have positive Liapunov exponents and become random and stochastic on long timescales due to orbital instability, 1)-3) exhibiting various remarkable phenomena of large-scale flows, such as (1) the loss of memory regarding the initial states, (2) the dissipation of kinetic energy into random turbulent fluctuations, (3) turbulent transport (e.g., turbulent viscosity, turbulent thermal diffusivity). 4) In order to treat these phenomena by means of the projection operator method in statistical mechanics, 5), 6) we have recently formulated the randomization of chaotic orbits by deriving non-Markovian stochastic evolution equations in terms of random nonlinear fluctuating forces, for which the fluctuation-dissipation theorem holds. 4), 7) In the present paper, we apply this theory to the Boussinesq equations for turbulent Bénard convection 8), 9) and derive non-Markovian stochastic evolution equations which give the heat flux and the velocity flux of the vertical velocity component in terms of the temperature and velocity gradients with turbulent transport coefficients. We find that turbulence produces an interference between the velocity flux and the heat flux that is similar to the interference between the electric current and the heat flux in the thermoelectric phenomena of metals. 10), 11) Therefore, the heat flux is produced not only by the temperature gradient but also by the velocity gradient, and the velocity flux is generated not only by the velocity gradient but also by the temperature gradient. Their coefficients are given by turbulent transport coefficients. The large-scale flows of turbulent Bénard convection can be characterized by such interference between the two fluxes.
An interesting scaling law for the Rayleigh number dependence of the Nusselt number in the hard turbulence region of Bénard convection has been discovered by Castaing et al. 9) In the present paper, similar scaling laws are shown to hold for the Rayleigh number and Prandtl number dependence of the turbulent transport coefficients and some averages of the fluxes in the hard turbulence region.
The frequency dependence of the power spectra of hydrodynamic state variables is also investigated by using the harmonic analysis of the stochastic evolution equations derived in the present paper.
In §7, we further derive the equations that enable us to calculate the turbulent transport coefficients numerically. §2.
Hydrodynamic evolution equations
Let us consider Bénard convection in a thin layer of fluid contained between two horizontally oriented plates of good thermal conductivity. The temperatures of the top and bottom plates, T t and T b (T b > T t ), are maintained at constant values. The dimensionless parameter that characterizes this system is the Rayleigh number, 8), 9)
where ∆T = T b − T t is the temperature difference, α is the coefficient of thermal expansion, g is the acceleration due to gravity, L is the thickness of the fluid layer, κ 0 is the molecular thermal diffusivity and ν 0 is the molecular kinematic viscosity. As the temperature difference ∆T is increased, the convection flow exhibits a number of bifurcations and becomes periodic, multiperiodic, chaotic and then turbulent, successively, where, in the chaotic state, only the time coherence is lost, while the space coherence persists. 8), 9) Therefore, chaos and turbulence have the following features: (1) A chaotic attractor A in phase space contains a multitude of unstable invariant sets. In particular, it possesses a countably infinite number of unstable periodic orbits which can be of arbitrarily long periods. (2) A contains an uncountably infinite number of unstable nonperiodic orbits (chaotic orbits). Furthermore, there exists a chaotic orbit that passes through every neighborhood of every point in A, and therefore A is indecomposable. (3) As ∆T is increased, chaos and turbulence also exhibit a number of bifurcations due to the collision of the attractor A with unstable invariant sets and their resultant inclusion into the attractor. (4) The long-time behavior of chaos and turbulence can be described by stochastic evolution equations with nonlinear fluctuating forces, whose time correlation functions give the turbulent transport coefficients, leading to the fluctuationdissipation theorem. We now assume the mixing zone model of Castaing et al. (1989) 9) for the fluid in the hard turbulence regime with Ra 10 8 . In this case, the system consists of three types of regions: The first is the boundary layer with no fluid motion, where the local temperature T (r, t) at position r and time t has a constant gradientβ = ∆T /2λ, λ being the width of the boundary layer, the second is the central region, where fluid motion is strongly turbulent, so that the long-time average of T (r, t) becomes approximately a constant (T t + T b )/2, and the third is the mixing zone, where the fluid in the boundary layer is accelerated to the fluid velocities of the central region. 9) Therefore, the long-time average of T (r, t) may be assumed to be
where the z = 0 plane is taken to be in the middle of the central region. The central region (L/2) − λ > z > −(L/2) + λ occupies most of the system. In order to derive stochastic evolution equations for turbulent Bénard convection, let us consider the Boussinesq equations for the fluid velocity u(r) = {u x (r), u y (r), u z (r)} and the temperature fluctuations θ(r) = T (r) − T 0 (z) at position r and time t:
for j = x, y, z, where the x and y axes are taken to be on the horizontal plane in the middle of the layer lying at the origin z = 0 of the vertical z axis, ρ is the mass density, p is the pressure, and
3) represents the incompressibility of the fluid. The αgθ term in (2 . 4) is the buoyancy force, and the β(z)u z term in (2 . 5) comes from the inertial term as (u · ∇)T 0 (z) = −β(z)u z . These thermal terms produce the coupling between the velocity u z and the temperature θ. In order to clarify the contribution of turbulent transport to the heat flux and the velocity flux, let us consider the central region (
where fluid motion is strongly turbulent, so that we have β(z) = 0. Here, it is more convenient to consider the Fourier components of u j (r) and θ(r), 6) where k is the sum over wavevectors k j = (2π/L j )n j for integers n j with 0 < k < k c (∼ 10 3 cm −1 ), L j being the linear size of the central region in the j-th direction.
Since u j (r) and θ(r) are real, we have u † j,k = u j,−k and θ † k = θ −k . Then Eqs. (2 . 4) and (2 . 5) take the forms
in terms of the inertial forces
where we have β(z) = 0 and have defined
and we have eliminated the pressure term by using the incompressibility condition. Now let us assume that the turbulent fluctuations caused by the inertial forces V jk (u) and V θk (u, θ) are statistically homogeneous with various k-components in a subrange satisfying
where L is a macroscale, and η ≡ (ν 0 3 /¯ ) 1/4 is the Kolmogorov scale, with¯ being the mean rate of the molecular energy dissipation. Then the time correlation functions of u jk (t) and θ q (0) become 11) where the angular brackets · · · denote the long-time average
According to the Sinai-Ruelle-Bowen theorem, 2) there exists a unique measure µ(X) for a hyperbolic attractor A in phase space X such that, for almost all initial states X ∈ A, the long-time average (2 . 12) can be written
Most physical systems, however, are not hyperbolic, but rather have tangency structure.
3) The attractor of such a dissipative system possesses a self-similar fractal structure of non-integer dimension, so that the probability measure µ(X) is singular (i.e., it does not have a density). Even for such an attractor, however, it would be reasonable to assume that there exists a unique probability measure µ(X) that gives the long-time average (2 . 13). 7) Using (2·6) and (2 . 11), we can write the time correlation functions of u j (r, t) and θ(r , 0) as
This depends on the relative position r − r only in fluid space, reflecting the statistical homogeneity. 15) where the cross correlations u zk θ † k and θ k u † zk are created by the buoyancy force of (2 . 7). The inverse matrix of (2 . 15) is given by
where we have defined
Therefore, the projection of a macrovariable G onto {A k } is given by the operator
Using the column matrix A k (t), we rewrite the evolution equations (2 . 7) and (2.8) as
where
and the inertial forces (2·9) at t = 0 are orthogonal to the state variables u jk and θ k :
Stochastic evolution equations
The time evolution of the state variables A k (t) given by Eq. (2 . 20) is deterministic and predictable on short timescales, but it becomes stochastic and random on long timescales. This randomization of the time evolution due to turbulence is brought about by the loss of memory of the initial states due to the exponential amplification of the initial uncertainty with positive Liapunov exponents. With the aid of the projection operator method, 5) this has been shown explicitly by introducing a memory function that describes the loss of memory of the initial states. Then the deterministic evolution equation (2 . 20) can be transformed into a non-Markovian stochastic equation. 4), 7) Now let us consider such a transformation of Eq.
(2 . 20). The time evolution of a function G(A(t)) with
because we have [dG(A(t))/dt] t=0 = ΛG(A) in terms of the evolution operator
whereu jk andθ k are given by (2 . 7) and (2 . 8). Therefore, the inertial forces of (2 . 20) can be written as
with Q ≡ 1 − P, where we have PV k (A) = 0 from (2 . 22) and (2 . 23). As shown in Appendix A, we have the operator identity
Using this identity, we can rewrite (3 . 2) as 7)
where we have defined the nonlinear fluctuating forces R k (t) and the memory matrix 
and we have
k } for the average over the invariant measure µ(dX), so that we have
Since the Γ k (s) term of Eq. (3 . 4) represents the linear turbulent transport term, Eq. (3 . 7) constitutes the fluctuation-dissipation theorem. 7) In terms of the time correlation functions of the fluctuating forces
for α, β = x, y, z, θ, the memory matrix (3 . 7) takes the form
where we have assumed that r j (k, t) with j = x or y does not couple with any other fluctuating forces, so that turbulence is anisotropic as indicated by (2 . 15) and (3 . 9). Then, using (2 . 16) for
It should be noted here that Eq. (3 . 11) can be solved to give the time correlation functions R αβ (k, t) in terms of the memory functions γ αβ (k, t), and therefore the time correlation functions R αβ (k, t) are equivalent to the memory functions γ αβ (k, t). In the following, the time correlation functions (3 . 8) and the memory functions (3 . 11) are assumed to decay to zero in a finite time τ r . Inserting (3 . 4) into (2 . 20), we obtain the non-Markovian stochastic equation
with the nonlinear fluctuating forces (3 . 5). Its components take the forms 15) where the nonlinear fluctuating forces r α (k, t) are orthogonal to A k (0):
The memory matrix Γ k (t) represents the linear turbulent transport, as shown in the following. This matrix comes out from the second term of Eq. (3 . 4), which is obtained by removing the motion linear in A k (t) from the motion of the nonlinear force V k (A(t)) completely by means of the operator identity (3 . 3). Hence the fluctuating force R k (t) contains no linear terms, which implies that R k (t) is orthogonal to A k : PR k (t) = 0. Therefore, the memory matrix (3 . 9) is the most important quantity of the present theory. Thus it turns out that the inertial force V k (A(t)) can be transformed into the sum of a systematic linear transport term given by the second term of Eq. (3 . 4) and a random nonlinear fluctuating force R k (t), leading to the stochastic equation (3 . 12) . This is the most essential part of our statisticalmechanical approach to turbulence.
Equations (3·13)-(3 . 15) are the stochastic evolution equations for turbulent
Let us assume that the correlation functions R αβ (k, t) and γ αβ (k, t) are isotropic with respect to wavevector k, so that, for k → 0, the inertial forces (2·9) lead to R αβ (k, t) ∝ k 2 , and (3 . 10) and (3 . 11) lead to γ αβ (k, t) ∝ k 2 . Then the frequency-dependent turbulent transport coefficients are given by 7) 
with α, β = x, y, z, θ. This is a generalization of the molecular transport coefficients ν 0 and κ 0 , representing linear transport in the turbulent thermal convection far By setting γ αβ (k, t) = k 2 ν αβ (k, t), according to (3 . 17), the stochastic evolution equations (3 . 14) and (3 . 15) for turbulent Bénard convection can be written
where j zk and q k are the velocity flux of u zk and the heat flux of θ k , respectively, defined by
Therefore, it is found from Eq. (3 . 4) that the velocity flux j zk (t) and the heat flux q k (t) are the systematic linear transport parts of the inertial forces V zk (u(t)) and V θk (u(t), θ(t)), respectively, so that they are the systematic linear transport parts of the momentum and energy fluxes. 12) Now, let us observe the time series of a stochastic variable a(t) over a long time interval 0 ≤ t < τ, and introduce the harmonic components a(ω) by 13) 
where ω n = 2πn/τ , (n = 0, ±1, ±2, · · · ). Then (4 . 1) and (4 . 2) take the forms 8) and (4 . 3) and (4 . 4) lead to
for t τ r , where τ r is the decay time of the time correlation functions (3 . 8) of the fluctuating forces, and using (3 . 17), we have defined the total transport coefficients
where ν zz (k, ω) is the turbulent kinematic viscosity and ν θθ (k, ω) is the turbulent thermal diffusivity. Equations (4 . 9) and (4 . 10) give the velocity flux j zk (ω) and the heat flux q k (ω) in terms of the turbulent transport coefficients ν αβ (k, ω).
It is reasonable to assume that the correlation distance l r and the correlation time τ r of the space-time correlation of the fluctuating forces R αβ (r −
and (3 . 17). Then we can rewrite (4 . 9) and (4 . 10) as
where we have defined ν αβ ≡ ν αβ (k = 0, ω = 0) by taking k → 0 first and ω → 0 second. 7) This is the fundamental relation between the fluxes j z (r, t) and q(r, t) and the gradients ∇u z and ∇θ, including the contribution from the turbulent transport. The off-diagonal coefficients ν zθ and ν θz represent the interference between the velocity flux j z (r, t) and the heat flux q(r, t), which can lead to interesting phenomena similar to the thermoelectric phenomena of metals. 10) Namely, the heat flux q(r, t) is produced not only by the temperature gradient ∇θ but also by the velocity gradient ∇u z , and the velocity flux j z (r, t) is generated not only by the velocity gradient ∇u z but also by the temperature gradient ∇θ. It should be noted that this interference effect arises entirely from the turbulent transport and characterizes the large-scale flows of turbulent Bénard convection. It should be noted here that Onsager's reciprocity, ν zθ = ν θz , does not hold, because the Boussinesq equations (2 . 4) and (2 . 5) contain the dissipative ν 0 and κ 0 terms, and hence do not possess time-reversal symmetry. If we eliminate ∇u z (r, t) from (4 . 13) by using (4 . 12), then we have
where λ = ν θz /ν zz , κ =ν θθ − {ν θz ν zθ /ν zz }. Here, κ is the thermal diffusivity in the case j z (r, t) = 0. Equation (4 . 14) is the simplest relation between heat flux q(r, t) and velocity flux j z (r, t). It is useful to introduce a dimensionless number Nu, called the Nusselt number, which is the ratio of the total heat flux to the heat transported by conduction: 8), 9) Nu = the total heat flux the heat transported by conduction . (4 . 15) This expresses the amount by which the heat transport increases due to the thermal convection. 
where the bar denotes the average over the horizontal plane lying at z = 0. Therefore, the Nusselt number (4 . 18) is determined by the generation of the heat flux q z (r, t) through the velocity gradient ∂u z /∂z as well as through the temperature gradient ∂θ/∂z. Thus it is found from the evolution equations (4 . 16) and (4 . 17) that dynamics of the large-scale flows of turbulent Bénard convection are governed by the turbulent transport coefficients ν αβ (k, ω) and the buoyancy force αgθ.
Equation (2 . 3) leads to (u · ∇)θ = ∇ · (uθ), and then the flux of Eq. (2 . 5) is given by H(r) ≡ u(r)θ(r) − κ 0 ∇θ(r). (4 . 19)
This H(r) is often taken as the total heat flux. 8), 9), 14), 15) Then we have
H(r, t) ≡ e tΛ H(r) = q(r, t) + H f (r, t), (4 . 20)
where, taking the inverse Fourier transform of (4 . 2) and (4 . 4), we obtain
and ν αβ (r − r , s) ≡ k ν αβ (k, s)e −ik·(r−r ) . Here, V is the volume of the central region. Equation (4 . 22) indicates that H f (r, t) is the random nonlinear part of H(r, t) with H f (r, t)θ(r , 0) = 0. Thus it is seen that, corresponding to the two parts of Eq. (3 . 4), H(r, t) consists of a systematic linear transport part q(r, t) and a random nonlinear part H f (r, t). Hence the Nusselt number Nu is given by this systematic linear transport part q z (r, t), just as in the case of Eq. (4 . 18). The turbulent viscosity ν zz and turbulent thermal diffusivity ν θθ bring about the dissipation of the kinetic energy supplied from the outside into random kinetic energy of the turbulent fluctuations. Such randomization of the macroscopic kinetic energy leads to entropy production, because the viscosity term ν zz ∇u z and the thermal diffusivity term ν θθ ∇θ of (4 . 12) and (4 . 13) break the time-reversal symmetry of the inertial forces. Indeed, the long-time average of the entropy production of turbulent Bénard convection is given by 4) 
where ∆ c is the standard deviation of temperature fluctuations and u c is the free fall velocity over height L due to the buoyancy force. Such a velocity u c arises from the balance of the inertial force with the buoyancy force,
whose dimensional analysis leads to
, leading to the characteristic velocity (5 . 2). Therefore, the scaling laws considered in this section are valid for large-scale flows that are strongly turbulent.
Scaling of Nu, ∆ c , u c
Let us assume the following scaling laws for the dependence on the Rayleigh number (2 . 1) and the Prandtl number P r ≡ ν 0 /κ 0 : 9)
where the exponents satisfy the relations 
which is compared with (5 . 5) to give (5 . 9).
Another relation between and γ can be derived from the acceleration of the hot fluid in the boundary layer of width λ by the buoyancy force. The velocity w h of the hot fluid becomes sufficiently high so that viscous forces can balance buoyancy in the mixing zone: i.e., 9) we have 
As shown in (2 . 2), the cooling down of the hot fluid occurs in the boundary layer, which yields q z ∼ κ 0 ∆T /λ, leading to
This is compared with (5 .
Comparing (5 . 13) with (5 . 7), we finally obtain
(5 . 14)
Equations (5 . 8) and (5 . 14) for give γ = −1/7, which is inserted into (5 . 8) and (5 . 9) to give = 3/7, β = 2/7. Thus we obtain
These exponents have been observed experimentally in the hard turbulence regime of helium gas by Castaing et al. 9) Equations (5 . 8) and (5 . 14) for ζ give η = −3/7, which is inserted into (5 . 8) and (5 . 9) to give ζ = −5/7, ξ = −1/7. Thus we obtain
The exponents (5 . 15) and (5 . 16) are inserted into the Nusselt number (5 . 5) and the Reynolds number (5 . 7) to give
which coincide with those of the Shraiman-Siggia model, 14) which assumes a turbulent boundary layer.
Scaling of turbulent transport coefficients ν αβ
In this section, we consider the stochastic evolution equations (4 . 16) and (4 . 17) with the systematic linear transport terms
The turbulent transport coefficients ν αβ are determined by turbulent large-scale flows with a length scale of order L, so that a scaling law similar to (5 . 5) holds for ν αβ , as is shown in the following. These stochastic evolution equations have been derived from Eqs. (2 . 4) and (2 . 5) by transforming the inertial forces (u · ∇)u z and (u · ∇)θ into the sum of random nonlinear fluctuating forces r α (r, t) and the systematic linear transport terms (5 . 18) and (5 . 19) by means of the identity (3 . 4), where it should be noted that turbulence is caused by these inertial forces. As shown in (3 . 16), the fluctuating forces r α (r, t) vanish on average. Therefore, for turbulent large-scale flows we can ignore the fluctuating forces r α (r, t) on average, so that the identity (3 . 4) leads to the balance between the inertial forces V k (A(t)) and the systematic linear transport terms (5 . 18) and (5 . 19). In other words, for large-scale flows, we have {linear transport terms} ∼ {inertial forces} (5 . 20)
on average, where the molecular transport terms with ν 0 and κ 0 are ignored.
Turbulent viscosity ν zz
For the ν zz term of (5 . 18), Eq. (5 . 20) leads to
This gives ν zz ∼ zu z ∼ Lu c for large-scale flows, leading to
which is simply the Reynolds number (5 . 7). Equations (5 . 15) and (5 . 16) give the exponents = 3/7, ζ = −5/7.
Turbulent thermal diffusivity ν θθ
For the ν θθ term of (5 . 19), Eq. (5 . 20) leads to
This gives ν θθ ∼ zu z ∼ Lu c for large-scale flows, leading to
Equations (5 . 15) and (5 . 16) give the exponents = 3/7, ζ + 1 = 2/7.
Interference coefficient ν zθ
For the ν zθ term of (5 . 18), Eq. (5 . 20) leads to
This gives ν zθ ∼ zu 2 z /θ ∼ Lu 2 c /∆ c for large-scale flows, leading to
Equation (5 . 8) gives 2 − γ − 1 = 2ζ − η + 1 = 0, and hence ν zθ depends on neither Ra nor P r.
Interference coefficient ν θz
For the ν θz term of (5 . 19), Eq. (5 . 20) leads to
This gives ν θz ∼ zθ ∼ L∆ c for large-scale flows, leading to The balance between the first and second term of (5 . 19) in Eq. (4 . 17) leads to 
This agrees with (5 . 28).
Thus it turns out that there exist more than two ways of deriving the identical scaling law, reflecting the fact that large-scale flows are characterized by more than two forces of the evolution equations.
Scaling of the velocity flux and heat flux
The scaling for the averages of the velocity and temperature gradients in the numerator of Eq. (4 . 18) is given by 
Here we have (αgL∆T )Ra
, so that the second term of (5 . 36) has the same form as the first term. Therefore, we obtain
This gives scaling with the exponents 2 = 6/7, 2ζ = −10/7. Inserting (5 . 24) and (5 . 28) into (4 . 13), and using (5 . 33) and (5 . 34), we obtain the scaling of the heat flux
Here we have κ 0 (ν 0 ) 2 /αgL 4 RaP r −1 = κ 0 ∆T /L, so that the first term of (5 . 39) has the same form as the second term. Therefore, using β = γ + , ξ = η + ζ + 1, we obtain One of the most important quantities is the power spectrum of a macrovariable (4 . 5),
where a(t)a † (0) is the time correlation function of the fluctuations of a(t), which is assumed to decay to zero on a macroscopic time scale τ M .
6.1. Power spectra of u xk (t) and u yk (t)
The harmonic components u jk (ω) (j = x, y) can be obtained from the stochastic evolution equations (3·13) in the form
where γ jj (k, ω) are the turbulent transport coefficients (3 . 17). Therefore, inserting (6 . 3) into a(ω) of (6 . 1), we obtain
where we have defined the power spectra of r j (k, t) as
(6 . 5) Equation (6 . 2) indicates that the power spectra (6 . 5) are related to the real part γ jj (k, ω) of the turbulent transport coefficients γ jj (k, ω) given by (3 . 9) . This leads to
Therefore, inserting (6 . 6) into (6 . 4) and writing γ jj = γ jj − iγ jj , we obtain
(6 . 7)
Thus it turns out that the power spectra of u jk (t) are determined by the frequency dependence of the turbulent transport coefficients γ jj (k, ω).
If |ω| 1/τ r , τ r being the decay time of the time correlation functions R jj (k, t), then the ω dependence of the turbulent transport coefficients γ jj (k, ω) can be ignored, so that the power spectra (6 . 7) become Lorentzian:
where γ jj (k, 0) = 0 and we have setγ ≡ ν 0 k 2 + γ jj (k, 0).
6.2.
Power spectra of u zk (t) and θ k (t)
Taking the harmonic components of (3 . 14) and (3 . 15), we obtain
where (3 . 17) and (4·11) have been used. Equation (6 . 9) can be solved to give (6 . 11) in terms of the weight functions
This is done by using the inverse of the square matrix on the left-hand side of (6 . 9), whose determinant is
Inserting (6 . 10) and (6 . 11) into (6 . 1) leads to the power spectra
14) 15) where the time correlation functions (3 . 6) of the fluctuating forces give The time correlation functions R αβ (k, ω) can be written in terms of the transport coefficients γ αβ (k, ω). Indeed, Eq. (3 . 11) can be solved to give
Thus the power spectra of u zk (t) and θ k (t) can also be written in terms of the transport coefficients γ αβ (k, ω) of (3 . 11). Their forms, (6 . 14) and (6 . 15), however, are much more complicated than (6 . 7). For small frequencies, satisfying |ω| 1/τ r , the ω dependence of the transport coefficients γ αβ (k, ω) can be ignored, so that (6 . 13) leads to Thus we find that the shapes of the power spectra I u zk (ω) and I θ k (ω), given in (6·24), are quite different from the Lorentzian shape (6 . 8).
If we ignore the off-diagonal terms that contain γ zθ (k, 0) − αg or γ θz (k, 0), then we have |S(k, ω)| and C 1k ω 2 + C 2k ∝ {ω 2 +γ 2 θθ (k, 0)}, D 1k ω 2 + D 2k ∝ {ω 2 +γ 2 zz (k, 0)}. In this case, the power spectra I u zk (ω) and I θ k (ω) become Lorentzian. However, such an approximation is not relevant in the present case.
is measurable by physical experiments. With this in mind, in §3, we formulated the derivation of these fluxes from the Boussinesq equations (2 . 4) and (2 . 5). As shown by (4 . 1) and (4 . 2), the key point of this derivation is the separation (3 . 4) of the inertial forces V k (A(t)) into random nonlinear fluctuating forces r α (k, t) and systematic linear transport terms with fluxes j zk (t) and q k (t).
These fluxes can be written as (4 . 12) and (4 . 13) for large-scale flows in the Markovian approximation, and they consist of the turbulent transport coefficients ν αβ and the velocity and temperature gradients ∇u z and ∇θ, where the off-diagonal coefficients ν zθ and ν θz bring about the interference between the velocity flux and heat flux. Here it should be noted that, if we consider a nonlinear curve of a flux j α with respect to a gradient g β ≡ −∇A β (r), then the linear relation (4 . 12) or (4 . 13) is nothing but the tangent δj α = ν αβ (ḡ)δg β to the nonlinear curve j α (g β ) at the point g β =ḡ β , where δg β = g β −ḡ β ,ḡ β being the long-time average of g β . Thus, even for the nonequilibrium open systems far from thermal equilibrium, we introduced the linear relations and the linear transport coefficients ν αβ by means of the projection operator formula (3 . 4) and (3 . 17) .
It was further shown in §5 that all the components of the fluxes, ν αβ , ∂u z /∂z and ∂θ/∂z, can be characterized by the large-scale flows, and their dependence on the Rayleigh number and Prandtl number obeys scaling laws similar to the scaling law (5 . 5) for the Nusselt number.
It is, however, desirable to extend these scaling laws to a dynamic scaling law that is useful for clarifying the ω dependence of the turbulent transport coefficients (3 . 17) and the power spectrum (6 . 1). It is also important to clarify the decay form of the relaxation functions A k (t)A † k (0) and the force-force time correlation functions (7·14).
